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THE MOD-p HOMOLOGY OF THE CLASSIFYING SPACES OF CERTAIN
GAUGE GROUPS
DAISUKE KISHIMOTO AND STEPHEN THERIAULT
Abstract. Let G be a simply-connected, simple compact Lie group of type {n1, . . . , nℓ}, where
n1 < · · · < nℓ. Let Gk be the gauge group of the principal G-bundle P −→ S
4 whose isomorphism
class is determined by the the second Chern class having value k ∈ Z. We calculate the mod-p
homology of the classifying space BGk provided that nℓ < p− 1 and p does not divide k.
1. Introduction
LetG be a simply-connected, simple compact Lie group. PrincipalG-bundles over S4 are classified
by the value of the second Chern class, which can be any integer. Let Pk −→ S
4 represent the
equivalence class of principal G-bundles with second Chern class equal to k. The gauge group of Pk
is the group of G-equivariant automorphisms of Pk which fix S
4; we denote this group by Gk. The
classifying space of Gk is denoted by BGk.
Gauge groups are fundamental in modern physics and geometry. The topology of gauge groups
and their classifying spaces has proved to be of immense value in studying diffeomorphism struc-
tures on 4-manifolds [D], Yang-Mills theory [AJ], and invariants of 3-manifolds [F]. An important
problem is to calculate the mod-p homology of BGk for a prime p, as this would give rise to charac-
teristic classes that could be used in geometric and physical contexts. When G = SU(2) the mod-2
cohomology of BGk was determined by Masbaum [M] but the mod-p homology or cohomology for
odd primes has proved to be elusive. Regarding SU(2) as Sp(1), Choi [C] has some partial results.
Practically nothing was known to this point for G 6= SU(2).
In this paper we calculate the mod-p homology of BGk under certain conditions. To state our
results, we need some notation. Let Mapk(S
4, BG) be the component of the space of continuous (not
necessarily pointed) maps from S4 to BG which are of degree k, and similarly define Map∗k(S
4, BG)
with respect to pointed maps. There is a fibration Map∗k(S
4, BG) −→ Mapk(S
4, BG)
ev
−→ BG
where ev evaluates a map at the basepoint of S4. Let G〈3〉 be the three-connected cover of G. For
each k ∈ Z, the space Map∗k(S
4, BG) is homotopy equivalent to Ω3G〈3〉. By [AB, Go], there is a
homotopy equivalence BGk ≃ Mapk(S
4, BSG). Thus there is a homotopy fibration
(1) Ω3G〈3〉 −→ BGk
ev
−→ BG.
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The Lie group G has type {n1, . . . , nℓ} if the rational cohomology of G is generated by elements
in degrees {2n1−1, . . . , 2nℓ−1}, where n1 < · · · < nℓ. For two integers a, b, let (a, b) be the greatest
common divisor of a and b. Unless otherwise indicated, homology is assumed to be with mod-p
coefficients.
Theorem 1.1. Let G be a simply-connected, simple compact Lie group of type {n1, . . . , nℓ} and let p
be a prime. If nℓ < p− 1 and (p, k) = 1 then there is an isomorphisms of Z/pZ-vector spaces
H∗(BGk) ∼= H∗(Ω
3G〈3〉)⊗H∗(BG).
The approach is to consider the Serre spectral sequence applied to the k = 1 case of (1). Control
is obtained over the differentials by showing that they are derivations, which is not obvious, and
then atomicity-style arguments (c.f. [S]) are used to show the spectral sequence must collapse at the
E2-term. A p-local homotopy equivalence BGk ≃ BG1 when (p, k) = 1 then completes the picture.
A notable example is when G = SU(2), a case of particular interest in Donaldson Theory and
3-manifold theory. Theorem 1.1 holds if p ≥ 5. In Section 6 we go on to also calculate the mod-3
homology of BGk provided that (3, k) = 1. In this case it is the Serre spectral sequence for the
homotopy fibration S3 −→ Ω3SU(2)〈3〉 −→ BGk that collapses at the E
2-term.
2. Delooping the evaluation fibration
Let j : ΣG → BG be the canonical inclusion. The aim of this section is to show that the differ-
entials in the homology Serre spectral sequence for the evaluation fibration
(2) Map∗j (ΣG,BG)→ Mapj(ΣG,BG)
ev
−→ BG
are derivations. To this end, we will use the following.
Lemma 2.1 (cf. [MT, Theorem 2.18, Part I]). The differentials in the homology Serre spectral
sequence for a principal fibration are derivations.
We aim to show that the evaluation fibration (2) is principal. This was proved by Tsutaya [Ts] in
a more general setting when the source space of the mapping space is the n-th projective space BnG,
where B1G ≃ ΣG. The proof is a combination of the technique of Kono and the first author [KK]
and Tsutaya’s technique on An-structures. In our case, the proof drastically simplifies since we do
not need An-structures. So we give here a simple proof.
Let ad denote the adjoint action of G on G itself and Ad denote the action of G on the classifying
space BG induced from ad. The action Ad induces an action of G on Map∗f (Z,BG) which we denote
by Ad∗.
Lemma 2.2 (Crabb and Sutherland [CS, Corollary 3.4]). There is a fiberwise homotopy equivalence
EG×Ad∗ Map
∗
f (Z,BG) ≃ Mapf (Z,BG)
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over BG, where EG×Ad∗ Map
∗
f (Z,BG) and Mapf (Z,BG) are regarded as fiberwise spaces over BG
by the projection onto the first factor and the evaluation map respectively. 
On the other hand, the action Ad of G on BG induces an action of G on ΩBG which is, by
definition, identified with ad through the natural homotopy equivalence G ≃ ΩBG. Let ad∗ denote
the action of G on Map∗f¯ (Z,G) induced from the action ad, where f¯ : ΣZ → BG is the adjoint of a
map f : Z → G. Then it follows that the action ad∗ on Map
∗
f¯ (Z,G) is identified with the action Ad∗
on Map∗f (ΣZ,BG) through the natural homotopy equivalence Map
∗
f (ΣZ,BG) ≃Map
∗
f¯ (Z,G).
Lemma 2.3. There is a fiberwise homotopy equivalence
EG×Ad∗ Map
∗
f (ΣZ,BG) ≃ EG×ad∗ Map
∗
f¯ (Z,G)
over BG, where both spaces are regarded as fiberwise spaces over BG by the projection onto the first
factor. 
Combining Lemmas 2.2 and 2.3 gives the following.
Corollary 2.4. There is a fibrewise homotopy equivalence
EG×ad∗ Map
∗
f¯ (Z,G) ≃ Mapf (ΣZ,BG)
over BG, where EG×ad∗ Map
∗
f¯ (Z,G) and Mapf (ΣZ,BG) are regarded as fibrewise spaces over BG
by the projection onto the first factor and the evaluation map respectively. 
Now regard Map∗1(G,G) as a topological monoid by the composite of maps. Let I : G →
Map∗1(G,G) be the homomorphism of topological monoids given by I(g)(h) = ghg
−1 for g, h ∈ G.
Notice that I is the adjoint action ad∗ in this case, so EG ×ad∗ Map
∗
1(G,G) is the principal
Map∗1(G,G)-bundle over BG induced from the homomorphism I. Hence we obtain the following.
Lemma 2.5. There is a homotopy fibration
EG×ad∗ Map
∗
1(G,G)→ BG
BI
−−→ BMap∗1(G,G). 
By Corollary 2.4, there is a fibre homotopy equivalence EG ×ad∗ Map
∗
1(G,G) ≃ Mapj(ΣG,BG)
over BG. Therefore Lemma 2.5 implies the following.
Theorem 2.6. There is a homotopy fibration
Mapj(ΣG,BG)
ev
−→ BG
BI
−−→ BMap∗1(G,G). 
Corollary 2.7. The homotopy fibration (2) is principal.
Corollary 2.8. The differentials in the homology Serre spectral sequence for the evaluation fibration
(2) are derivations.
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3. Properties of BGk
Now we specialize to G being a simply-connected, simple compact Lie group of type {n1, . . . , nℓ}
and let p be a prime. The Lie group G is p-regular if there is a p-local homotopy equivalence
G ≃
ℓ∏
i=1
S2ni−1.
It is well known that G is p-regular if and only if nℓ ≤ p.
In this section we show that if G is p-regular then, in the mod-p homology Serre spectral sequence
for the homotopy fibration Ω3G〈3〉 −→ BG1 −→ BG, the differentials are derivations. We also show
that for any simply-connected, simple compact Lie group G there is a p-local homotopy equivalence
BGk ≃ BG1 provided that (p, k) = 1.
Since G is a simply-connected, simple compact Lie group there is a map
t : S3 −→ G
which induces the inclusion of the degree 3 generator in homology. Let i be the composite
i : S4
Σt
−→ ΣG
j
−→ BG.
The map Σt induces a commutative diagram of evaluation fibrations
(3)
Map∗j (ΣG,BG) //
(Σt)∗ptd

Mapj(ΣG,BG)
ev
//
(Σt)∗free

BG
Map∗i (S
4, BG) // Mapi(S
4, BG)
ev
// BG.
Consequently, (3) induces a map of mod-p homology Serre spectral sequences from the fibration
along the top row to the fibration along the bottom row. If G is p-regular then the map S3
t
−→ G
has a left homotopy inverse when localized at p, implying in particular that the map (Σt)∗ptd has
right homotopy inverse when localized at p. Thus the map (Σt)∗ptd is a split epimorphism in mod-p
homology. Therefore the differentials in the mod-p homology Serre spectral sequence for the fibration
along the bottom row in (3) are determined by the differentials in the mod-p homology Serre spectral
sequence for the fibration along the top row. In the latter case, by Corollary 2.8, the differentials
are derivations. Thus we obtain the following.
Lemma 3.1. If G is p-regular then, in the mod-p homology Serre spectral sequence for the homotopy
fibration Map∗i (S
4, BG) −→ Mapi(S
4, BG)
ev
−→ BG, the differentials are derivations. 
By definition, i = j ◦ Σt. Observe that t induces the identity map in degree 3 homology and we
may choose the homotopy equivalence G
s
−→ ΩBG so that it does as well. Therefore j, the adjoint
of s, induces the identity in degree 4 homology. Hence i = j ◦ Σi induces the identity in degree 4
homology. Therefore, in the notation used in the Introduction, we may identify Map∗i (S
4, BG) and
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Mapi(S
4, BG) as Map∗1(S
4, BG) and Map1(S
4, BG) respectively, and therefore further identify them
as Ω3G〈3〉 and BG1. Thus, rewriting Lemma 3.1 in terms of gauge groups, we obtain the following.
Lemma 3.2. If G is p-regular then, in the mod-p homology Serre spectral sequence for the homotopy
fibration Ω3G〈3〉 −→ BG1 −→ BG, the differentials are derivations. 
Now turn to Mapk(S
4, BG), and we return to the general case of G being a simply-connected,
simple compact Lie group. Observe that the degree k map S4
k
−→ S4 induces a fibration diagram
(4)
Map∗1(S
4, BG) //
(k)∗ptd

Map1(S
4, BG)
ev
//
(k)∗free

BG
Map∗k(S
4, BG) // Mapk(S
4, BG)
ev
// BG.
Write Map∗ℓ (S
4, BG) as Ω4ℓBG. Since k is the three-fold suspension of the standard degree k map
on S1, the map (k)∗ptd is the three-fold loops of the k
th-power map on ΩBG. Using the homotopy
equivalence ΩBG ≃ G, each of the spaces Ω4ℓBG is homotopy equivalent as an H-space to Ω
3G〈3〉,
so we may rewrite (k)∗ptd as Ω
3G〈3〉
k
−→ Ω3G〈3〉.
Lemma 3.3. Localize at a prime p ≥ 3. If (p, k) = 1 then the map Map1(S
4, BG)
(k)∗free
−−−−→
Map∗k(S
4, BG) is a weak homotopy equivalence.
Proof. Observe that for any simply-connected, simple compact Lie group G, after localization
at p ≥ 3 the space Ω3G〈3〉 is simply-connected. As BG is 3-connected, the exact sequence of
homotopy groups for the homotopy fibration Ω3G〈3〉 −→ Mapk(S
4, BG)
ev
−→ BG implies that
Mapk(S
4, BG) is simply-connected. In particular, the homotopy groups of Mapk(S
4, BG) are
abelian. Next, since k is a unit in the p-local integers, the map Ω3G〈3〉
k
−→ Ω3G〈3〉 is a homo-
topy equivalence. That is, in (4), the map (k)∗ptd is a homotopy equivalence. Therefore, as (4) is
a fibration diagram, the Five-Lemma implies that (k)∗free induces an isomorphism in all homotopy
groups. 
Rewriting Mapk(S
4, BG) as BGk, Lemma 3.3 has an immediate corollary.
Corollary 3.4. Let G be a simply-connected, simple compact Lie group. Localized at a prime p ≥ 3,
if (p, k) = 1 then there is a weak homotopy equivalence BGk ≃ BG1. 
4. The mod-p homology of Ω3G〈3〉 when G is p-regular
Localize at an odd prime p and take homology with mod-p coefficients. If G is p-regular of type
{n1, . . . , nℓ} then there is a homotopy equivalence G ≃
∏ℓ
i=1 S
2ni−1. Therefore
Ω3G〈3〉 ≃ Ω3S3〈3〉 ×
ℓ∏
i=2
Ω3S2ni−1.
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This is an equivalence of H-spaces and so induces an isomorphism of Hopf algebras in homology. In
this section we record a property of H∗(Ω
3G〈3〉) which will be important later. This begins with a
general definition.
In general, for a path-connected space X of finite type, let PH∗(X) be the subspace of primitive
elements in H∗(X). Let
Pn∗ : Hq(X) −→ Hq−2(p−1)n(X)
be the hom-dual of the Steenrod operation Pn. Then from the mod-p Steenrod algebra A we obtain
an opposite algebra A∗ which acts from the left on H∗(X). For r ≥ 1, let β
r be the rth-Bockstein.
Let MH∗(X) be the subspace of PH∗(X) defined by
MH∗(X) = {x ∈ PH∗(X) | P
n
∗ (x) = 0 for all n > 0 and β
r(x) = 0 for all r ≥ 1}.
Since MH(H∗(X)) records information about the primitive elements in H∗(X), if X ≃ A×B then
MH∗(X) =M
(
H∗(A)⊗H∗(B)
)
=MH∗(A)⊕MH∗(B).
Now consider MH∗(Ω
3G〈3〉). The product decomposition for Ω3G〈3〉 implies that
(5) MH∗(Ω
3〈G〉) =MH∗(Ω
3S3〈3〉)⊕
(
⊕ℓi=2 MH∗(Ω
3S2ni−1)
)
.
By [CLM] there is an isomorphism of Hopf algebras
(6) H∗(Ω
3S2n+1) ∼=
⊗
k≥1,j≥0
Λ(a2(npk−1)pj−1)⊗
⊗
k≥1,j≥1
Z/pZ[b2(npk−1)pj−2]⊗
⊗
k≥0
Z/pZ[c2nk−2].
Here, the generators are primitive and many are related by the action of the dual Steenrod algebra.
Selick [S] determined MH∗(Ω
3S2n+1) in full, we record only the subset of elements of odd degree.
Lemma 4.1. MH(Ω3S2n+1)odd = {a2np−3}. 
In the references that follow for Ω3S3〈3〉, the statements in [Th] are in terms of Anick spaces,
but by [GT] the space ΩS3〈3〉 is homotopy equivalent to the Anick space T 2p+1(p) for p ≥ 3. By
[Th, Proposition 4.1], for p odd there is an isomorphism of Hopf algebras
(7) H∗(Ω
3S3〈3〉) ∼= H∗(Ω
2S2p−1)⊗H∗(Ω
3S2p+1).
This can be phrased in terms of a generating set using the isomorphism of Hopf algebras
H∗(Ω
2S2p−1) ∼=
∞⊗
k=0
Λ(a¯2(p−1)pk−1)⊗
∞⊗
k=1
Z/pZ[b¯2(p−1)pk−2]
proved in [CLM] and the n = p case of (6). Again, the generators are primitive and many are
related by the action of the dual Steenrod algebra. A description of MH∗(Ω
3〈3〉) in full was given
in [Th, Lemma 4.2], but again we need only record the subset of elements of odd degree.
Lemma 4.2. MH∗(Ω
3S3〈3〉)odd = {a¯2p−3}. 
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Combining (5), Lemmas 4.1 and 4.2 we obtain the following.
Lemma 4.3. If G is p-regular of type {n1, . . . , nℓ} then
MH∗(Ω
3G〈3〉)odd = {a¯2p−3, a2n2p−3, . . . , a2nℓp−3}. 
5. The mod-p homology of BG1 and the proof of Theorem 1.1
We continue to assume that all spaces and maps have been localized at an odd prime p and take
homology with mod-p coefficients. Consider the homotopy fibration sequence
G
∂1−→ Ω3G〈3〉
g1
−→ BG1
ev
−→ BG
where g1 is simply a name for the map Ω
3G〈3〉 −→ BG1, and ∂1 is the fibration connecting map.
After identifying when the map ∂1 is null homotopic, we show that in those cases the map g1 induces
an injection in homology. This then leads to Theorem 1.1.
When G = SU(n) or Sp(n) the identification of when ∂1 is null homotopic is easily deduced from
results of Bott [B] and Lang [L]. The identification in general is due to Hasui, the first author, and
Ohsita [HKO].
Lemma 5.1. Let G be a simply-connected, simple compact Lie group of type {n1, . . . , nℓ}. Then ∂1
is null homotopic if and only if nℓ < p− 1. 
Corollary 5.2. There is a homotopy equivalence G1 ≃ G× Ω
3G〈3〉 if and only if nℓ < p− 1. 
The condition nℓ < p− 1 in Lemma 5.1 implies that G is p-regular, so g1 may be regarded as a
map
Ω3S3〈3〉 ×
ℓ∏
i=2
Ω3S2ni−1
g1
−→ BG1.
By Lemma 4.3, MH∗(Ω
3G〈3〉)odd = {a¯2p−3, a2n2p−3, . . . , a2nℓp−3}, where a¯2p−3 ∈ H∗(Ω
3S3〈3〉).
Lemma 5.3. If nℓ < p− 1 then the restriction of (g1)∗ to MH∗(Ω
3G〈3〉) is an injection.
Proof. First, for n ≥ 2, consider the homotopy fibration Ω4S2n+1 −→ ∗ −→ Ω3S2n+1. We claim
that the element a2np−3 ∈ H∗(Ω
3S2n+1) transgresses to a nonzero element in H∗(Ω
4S2n+1). To see
this, let E2 : S2n−1 −→ Ω2S2n+1 be the double suspension. Let Wn be the homotopy fibre of E
2.
Then there is a homotopy fibration ΩS2n+1
ΩE2
−→ Ω3S2n+1 −→Wn. By [CLM] this fibration induces
an isomophism of Hopf algebras
H∗(Ω
3S2n+1) ∼= H∗(ΩS
2n+1)⊗H∗(Wn).
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In particular, the element a2np−3 ∈ H∗(Ω
3S2n+1) corresponds to an element c ∈ H2np−3(Wn). On
the other hand, Wn is (2np−4)-connected and has a single cell in dimension 2np−3, so c represents
the inclusion of the bottom cell. Now consider the homotopy fibration diagram
Ω2S2n+1
Ω2E2
//

Ω4S2n+1 //

ΩWn

∗ //

∗ //

∗

ΩS2n+1
ΩE2
// Ω3S2n+1 // Wn.
As c represents the bottom cell inH2np−3(Wn), it transgresses nontrivially to a class d ∈ H2np−4(ΩWn).
Since a2np−3 maps to c, the naturality of the transgression implies that a2np−3 must transgress to a
nontrivial class in H2np−4(Ω
4S2n+1).
Next, consider the homotopy fibration diagram
(8)
Ω4G〈3〉
Ωg1
//

G1
Ωev
//

G

∗ //

∗ //

∗

Ω3G〈3〉
g1
// BG1
ev
// G.
Since nℓ < p− 1, by Corollary 5.2 the map Ωg1 has a left homotopy inverse. In particular, (Ωg1)∗
is an injection. Since G is p-regular, the left column in the fibration diagram is a product of the
path-loop fibrations Ω4S3〈3〉 −→ ∗ −→ Ω3S3〈3〉 and, for 2 ≤ i ≤ nℓ, Ω
4S2ni−1 −→ ∗ −→ Ω3S2ni−1.
Therefore, by the argument in the first paragraph of the proof, the element a2ni−1 ∈MH∗(Ω
3G〈3〉)
transgresses to a nontrivial element in H2nip−4(Ω
4G〈3〉). As this element injects into H2nip−4(G1),
the naturality of the transgression implies that (g1)∗(a2nip−3) must be nontrivial.
Finally, consider the element a¯2p−3 ∈ H∗(Ω
3G〈3〉). It comes from an element x ∈ H2np−3(Ω
3S3〈3〉).
The description of H∗(Ω
3S3〈3〉) in (7) implies that Ω3S3〈3〉 is (2p− 4)-connected and has a single
cell in dimension 2p−3. Thus x represents the inclusion of the bottom cell. Therefore, x transgresses
to a nontrivial element in H2np−4(Ω
4S3〈3〉), and so a¯2p−3 transgresses to a nontrivial element in
H2p−4(Ω
4G〈3〉. Since (Ωg1)∗ is an injection, the naturality of the transgression in (8) implies that
(g1)∗(a2p−3) is nontrivial. 
Now we put things together to give a condition for when the map Ω3G〈3〉
g1
−→ BG1 induces an
injection in homology.
Proposition 5.4. Let G be a simply-connected, simple compact Lie group of type {n1, . . . , nℓ} and
let p be a prime. If nℓ < p−1 then the map Ω
3G〈3〉
g1
−→ BG1 induces an injection in mod-p homology.
THE MOD-p HOMOLOGY OF BGk 9
Proof. We aim for a contradiction by supposing that this is not the case. To simplify notation,
write g for g1. Let z ∈ Hm(Ω
3G〈3〉) be an element in the kernel of g∗ of least dimension. We begin
by establishing some properties of z.
Property 1: z is primitive. If not, then ∆(z) = Σαz
′
α ⊗ z
′′
α for some nontrivial elements z
′
α, z
′′
α of
degrees < m, where ∆ is the reduced diagonal. The reduced diagonal is natural for any map of
spaces, so (g∗ ⊗ g∗) ◦∆ = ∆ ◦ g∗. Now
(g∗ ⊗ g∗) ◦∆(z) = (g∗ ⊗ g∗)(Σαz
′
α ⊗ z
′′
α) = Σαg∗(z
′
α)⊗ g∗(z
′′
α)
is a sum of nonzero elements since z′α, z
′′
α are of degrees < m while the element of least degree in
Ker g∗ is of degree m. On the other hand,
∆ ◦ g∗(z) = ∆(0) = 0.
This contradiction implies that ∆(z) must be 0; that is, z is primitive.
Property 2: PI∗ (z) = 0 for all sequences P
I
∗ ∈ A∗. Suppose P
I
∗ (z) = y for some I, where I is not
the identity operation and y is nonzero. The (dual) Steenrod operations are natural for any map of
spaces, so g∗ ◦ P
I
∗ = P
I
∗ ◦ g∗. Now
g∗ ◦ P
I
∗ (z) = g∗(y)
is nonzero, since |y| < m while the element of least degree in Ker g∗ is of degree m. On the other
hand,
PI∗ ◦ g∗(z) = P
I
∗ (0) = 0.
This contradiction implies that PI∗ (z) = 0 for every I.
Property 3: βr(z) = 0 for every r ≥ 1. The reasoning is exactly as in the proof of Property 2.
Property 4: z is in the transgression of the mod-p homology Serre spectral sequence for the homotopy
fibration Ω3G〈3〉
g
−→ BG1
ev
−→ BG. Since nℓ < p− 1, G is p-regular, so Lemma 3.2 implies that, in
the mod-p homology Serre spectral sequence for the homotopy fibration Ω3G〈3〉
g
−→ BG1
ev
−→ BG,
the differentials are derivations. In particular, the differentials are determined by how they act on
the elements in H∗(BG).
The E2-term of the spectral sequence is H∗(Ω
3G〈3〉) ⊗H∗(BG). Since z is an element of least
degree in the kernel of g∗ and is of degree m, the map g∗ an injection in degrees < m. Thus the
spectral sequence is totally non-homologous to zero in this degree range, implying that it collapses
at E2. In particular, any differential on an element of H∗(BG) of degree ≤ m is zero, and so
as the differentials are derivations, any differential on an element of the form x ⊗ y is zero for
x ∈ H∗(Ω
3G〈3〉) and y ∈ Ht(BG) with t ≤ m. Hence, for degree reasons, if z is in the image of a
differential then the only possibility is that z = dm+1(y) for some y ∈ Hm+1(BG). That is, z is in
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the transgression. On the other hand, as z ∈ Ker g∗, it cannot survive the spectral sequence and so
must be hit by some differential.
Property 5: z has odd degree. By Property 4, in the mod-p Serre spectral sequence for the homotopy
fibration Ω3G〈3〉
g
−→ BG1
ev
−→ BG, we have z = dm+1(y) for some y ∈ H∗(BG). As H∗(BG) is
concentrated in even degrees, the degree of z must be odd.
Let’s examine the consequences of Properties 1 to 5. Collectively, Properties 1 to 3 imply
that z ∈ MH∗(Ω
3G〈3〉). Property 5 then implies that z ∈ MH∗(Ω
3G〈3〉)odd. By Lemma 4.3,
MH∗(Ω
3G〈3〉)odd = {a¯2p−3, a2n2p−3, . . . , a2nℓp−3}. But Lemma 5.3 implies that g∗ is an injection
on each of these elements, implying in turn that z /∈ Ker g∗, a contradiction. Thus the initial
assumption that g∗ is not an injection is false, and this completes the proof. 
Theorem 5.5. If G is a simply-connected simple compact Lie group of type {n1, . . . , nℓ} and
nℓ < p− 1 then there is an isomorphism of Z/pZ-vector spaces
H∗(BG1) ∼= H∗(Ω
3G〈3〉)⊗H∗(BG).
Proof. Consider the mod-p homology Serre spectral sequence for the homotopy fibration Ω3G〈3〉
g1
−→
BG1
ev
−→ BG. By Proposition 5.4, (g1)∗ is an injection. Thus the Serre spectral sequence is totally
non-homologous to zero, which implies that it collapses at the E2-term. 
Finally, we prove the main result of the paper.
Proof of Theorem 1.1. By Corollary 3.4 there is a p-local homotopy equivalence BGk ≃ BG1 if
(p, k) = 1. Therefore, in mod-p homology, H∗(BGk) ∼= H∗(BG1). The statement in the theorem now
follows from Theorem 5.5. 
6. The mod-3 homology of SU(2)-gauge groups
The mod-p homology of BGk for G = SU(2) and p ≥ 5 is given by Theorem 1.1. Since SU(2)-
gauge groups are pivotal in Donaldson Theory, in this section we expand beyond the statement of
Theorem 1.1 by also calculating the mod-3 homology.
Since there is a homeomorphism SU(2) ∼= S3, we phrase what follows in terms of S3. By (1)
there is a homotopy fibration sequence
S3
∂1−→ Ω3S3〈3〉
g1
−→ BG1
ev
−→ BS3
where g1 is simply a name for the map Ω
3S3〈3〉 −→ BG1, and ∂1 is the fibration connecting map.
By [K] we have the following.
Lemma 6.1. The map S3
∂1−→ Ω3S3〈3〉 has order 12. 
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In particular, if we localize at p = 3 then ∂1 is nontrivial. Observe that for p = 3, the description
of H∗(Ω
3S3〈3〉) in (7) implies that Ω3S3〈3〉 is 2-connected with a single cell in dimension 3.
Lemma 6.2. If p = 3 then the map S3
∂1−→ Ω3S3〈3〉 induces an injection in mod-3 homology.
Proof. By Lemma 6.1, ∂1 is nontrivial. Thus it represents a nontrivial element in pi3(Ω
3S3〈3〉) ∼=
pi6(S
3〈3〉) ∼= pi6(S
3). By [To], the three-component of pi6(S
3) is isomorphic to Z/3Z. Since this is
the 3-torsion class of least dimension in pi∗(S
3), the class is represented by the composite S6
γ
−→
S3〈3〉 −→ S3, where γ is the inclusion of the bottom cell. Thus ∂1 is homotopic to the three-fold
adjoint of γ, up to multiplication by a unit in Z/3Z. But as γ is the inclusion of the bottom cell, its
three-fold adjoint γ′ : S3 −→ Ω3S3〈3〉 is homotopic to the inclusion of the bottom cell. Thus (γ′)∗
is an injection, implying that (∂1)∗ is an injection. 
Next, by (7) and the descriptions of H∗(Ω
2S2p−1) and H∗(Ω
3S2p+1) in Section 4, if x3 ∈
H3(Ω
3S3〈3〉) is the generator, then Λ(x3) is a tensor algebra factor of H∗(Ω
3S3〈3〉).
Proposition 6.3. If p = 3 then there is an isomorphism of Z/3Z-vector spaces
H∗(BG1) ∼= H∗(Ω
3S3〈3〉)/(x3)
where (x3) is the ideal generated by x3.
Proof. Consider the homotopy fibration S3
∂1−→ Ω3S3〈3〉
g1
−→ BG1. By Lemma 6.2, (∂1)∗ is an
injection. Therefore the Serre spectral sequence for this fibration is totally non-homologous to zero,
implying that it collapses at E2, so H∗(Ω
3S3〈3〉) ∼= H∗(S
3) ⊗ H∗(BG1). Since H∗(S
3) ∼= Λ(x3)
and Λ(x3) is a tensor algebra factor of H∗(Ω
3S3〈3〉), we obtain the isomorphism asserted in the
statement of the Proposition. 
Corollary 6.4. If (3, k) = 1 then there is an isomorphism of Z/3Z-vector spaces
H∗(BGk) ∼= H∗(Ω
3S3〈3〉)/(x3)
Proof. This follows immediately from the homotopy equivalence BGk ≃ BG1 in Corollary 3.4 and
Proposition 6.3. 
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